We study quantum thermalization of the Jaynes-Cummings (JC) model in both equilibrium and non-equilibrium open-system cases, in which the two subsystems: a two-level system and a singlemode bosonic field, are in contact with either two individual heat baths or a common heat bath. We find that, in the individual heat-bath case, the JC model can only be thermalized when the two heat baths have the same temperature or when the coupling of the JC system to one of the two baths is turned off, while the JC system can be thermalized in the common heat-bath case irrespective of the bath temperature and the system-bath coupling strengths. We also study the thermal entanglement in this system. We find and prove a counterintuitive phenomenon of vanishing thermal entanglement in the JC system. In addition, we compare the dynamics of the open JC system when it is described by the dressed-state master equations in the individual and common heat-bath cases and a phenomenological master equation.
I. INTRODUCTION
The Jaynes-Cummings (JC) model [1] , which describes the interaction of a two-level system (TLS) with a singlemode bosonic field [2] , is considered as of the most important and basic models in quantum optics [3] . The JC model not only plays a significant role in the understanding of matter-filed interactions in various branches of modern physics such as atomic physics, quantum optics, and solid-state physics, but also has wide applications in frontier quantum technologies including quantum control, quantum precision measurement, and quantum information processing [4, 5] . So far, many important physical effects and phenomena have been observed in the JC model, such as the quantization of electromagnetic fields [6] , the vacuum Rabi splitting [7] [8] [9] [10] [11] [12] [13] [14] , and the collapse and revival of the inversion population of the TLS [15, 16] . All the phenomena observed are subjected to the influence of the dissipations because quantum systems are inevitably coupled to their environments. In particular, many interesting observations are based on the steady state of the JC system. Therefore, quantum statistical physics such as quantum thermalization [17, 18] and thermal entanglement [19, 20] are important research topics in the open JC model.
With the development of experimental techniques, the JC model can be implemented with more and more physical systems [3] . As a result, the couplings of the JC system with its environments are enriched because the TLS and the bosonic mode of the JC model could be in contact with either two individual heat baths (IHBs) or a common heat bath (CHB). In most previous studies, the dissipations of the JC model are introduced by phenomenologically adding the independent Lindblad dissipators for the TLS and the bosonic mode into the Liouville equation [17, 21, 22] . This treatment will lead to unphysical results when the coupling strength between the subsystems is much larger than their decay rates [23] . Therefore, a microscopic derivation of quantum master equation describing the evolution of the JC model in both the IHB and CHB cases becomes an important and desired task [23] [24] [25] . We note that some attention has been paid to the study of equilibrium and non-equilibrium steady states in composite quantum systems by deriving quantum master equations in the dressed-state representation of the coupled systems [26] [27] [28] [29] [30] [31] . For example, quantum thermalization and entanglement of two coupled two-level atoms has been studied in the dressed-state representation [26] , and the quantum statistical properties of the open quantum Rabi model have been studied in the eigenstate representation [30] . In addition, many topics in statistical physics have been studied based on the microscopically derived quantum master equation in coupled-atom systems [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] and coupled-harmonicoscillator systems [23, 42] .
In this paper, we study quantum thermalization and quantum entanglement of the JC model in either the IHB or the CHB case. We treat the JC model as an effective multi-level system and derive the quantum master equations in the eigenstate representation. We introduce the effective temperatures associated with any two eigenstates and study the thermalization of the JC model by inspecting if the steady-state density matrix of the JC system can be written as a thermal equilibrium state. In the IHB case, we find that when the two IHBs have the same temperatures, the JC model in the eigenstate representation can be thermalized with the same temperature as those of the IHBs. However, when the two IHBs have different temperatures, the JC model in the arXiv:1912.05252v1 [quant-ph] 11 Dec 2019 eigenstate representation cannot be thermalized. In particular, when the coupling of one of two subsystems with the corresponding heat bath is turned off, the JC system can be thermalized with the contacted heat bath. In the CHB case, the JC system can reach a thermal equilibrium with the common bath. In addition, we study quantum entanglement between the TLS and the bosonic mode by calculating the logarithmic negativity of the thermal equilibrium state. We find and show a counterintuitive phenomenon of vanishing thermal entanglement in the JC system. Namely, for the JC system, when the coupling strength between the TLS and the bosonic mode is much smaller than their resonance frequencies to make sure the justification of the rotating-wave approximation (RWA), the thermal entanglement is negligible. In addition, we also study the dynamics of the JC system when it is described by the dressed master equations corresponding to the IHB and CHB cases. We also calculate the dynamics of the JC system using a phenomenological master equation, which is obtained by phenomenologically adding the Lindblad dissipators for the single bosonic mode and the TLS.
The rest of this paper is organized as follows. In Sec. II, we introduce the JC model and its nonequilibrium environments. In Secs. III and IV, we study quantum thermalization of the JC model in the IHB and CHB cases, respectively. In Sec. V, the thermal entanglement of the JC system is analyed. In Sec. VI, we compare the dynamics of the JC system when it is described by the phenomenological quantum master equation and the dressed-state master equations in the IHB and CHB cases. A conclusion is given in Sec. VII. We also present an Appendix to show the derivation of Eqs. (38) and (39) .
II. MODEL AND HAMILTONIAN
We consider the JC model ( Fig. 1 ), which describes the interaction of a TLS with a single-mode bosonic field. The Hamiltonian of the JC model reads [1] 
Here the TLS is described by the Pauli operators σ x =|e g| + |g e|, σ y = i(|g e| − |e g|), and σ z =|e e|−|g g|, which are defined based on the excited state |e and the ground state |g , with the energy separation ω 0 . The raising and lowering operators in Eq. (1) are defined by σ ± =(σ x ± iσ y )/2. The operator a (a † ) is the annihilation (creation) operator of the bosonic field with resonance frequency ω c . The last term in Eq. (1) describes the JC-type interaction between the TLS and the bosonic mode, with g being the coupling strength.
In a system depicted by the JC model, the total excitation number operator N = a † a + σ + σ − is a conserved quantity based on the commutative relation [N, H JC ] = 0. Therefore, the whole Hilbert space of the system can be decomposed into a series of subspaces with different excitation numbers n (n = 0, 1, 2, 3, · · · ). In the n-excitation subspace, the eigenequation of the Hamiltonian can be expressed as H JC |ε n,αn = ε n,αn |ε n,αn , n = 0, 1, 2, · · · ,
where α 0 = 0 for n = 0 and α n = ± for n ≥ 1. In the zero-excitation subspace, the eigenstate is |ε 0,0 = |g, 0 and the eigenenergy is ε 0,0 = − ω 0 /2. In the nonzero n-excitation subspace, the eigenstates and eigenvalues in Eq.
(2) are defined by |ε n,+ = cos(θ n /2)|e |n − 1 + sin(θ n /2)|g |n , (3a) |ε n,− = − sin(θ n /2)|e |n − 1 + cos(θ n /2)|g |n , (3b) and ε n,± = ω c n −
where the mixing angle θ n is defined by
and the Rabi frequence Ω n = δ 2 + 4g 2 n is introduced, with δ = ω 0 − ω c being the detuning.
In terms of these eigenstates, the JC Hamiltonian can be expressed in the eigenstate representation as H JC = ∞ n=0 αn ε n,αn |ε n,αn ε n,αn |.
We note that many interesting physical effects in the JC system can be explained based on its eigensystem. For example, (i) the transitions from states |ε 1,± to |ε 0,0 correspond to two peaks in the vacuum Rabi splitting spectrum. (ii) The JC model predicts a characteristic nonlinearity of √ n in the resonant case. These effects have been demonstrated in cavity-QED [5] and circuit-QED [10, 14, 43] systems.
In a realistic situation, the TLS and the bosonic field couple inevitably with the environments surrounding them. In this paper, we shall consider two kinds of different cases: one is the IHB case [ Fig. 1(a) ] and the other is the CHB case [ Fig. 1(b) ]. In the IHB case, the TLS and the bosonic mode are coupled to two individual heat baths. The free Hamiltonian of the two baths reads
where the creation and annihilation operators c † q (b † k ) and c q (b k ) describe the qth (kth) harmonic oscillator with frequency ω q (ω k ) in the heat bath of the TLS (bosonic mode). The interaction Hamiltonian of the JC model with the two baths reads
where λ q (η k ) is the coupling strength between the TLS (bosonic field) and the qth (kth) mode of its bath.
In the CHB case, as shown in Fig. 1(b) , the TLS and the bosonic mode are immersed in a CHB with the Hamiltonian
where c † k and c k are, respectively, the creation and annihilation operators of the kth harmonic oscillator with the resonance frequency ω k of the CHB. The interaction Hamiltonian between the JC system and the CHB reads
where λ k (η k ) is the coupling strength between the TLS (bosonic field) and the kth mode of the CHB.
In both the IHB and CHB cases, the total Hamiltonian of the system can be written as
which is schematically shown in Figs In this section, we study quantum thermalization of the JC model in the IHB case. A dressed-state quantum master equation will be derived to govern the evolution of the JC model. By introducing effective temperatures, we will analyze the thermalization problem of the JC system.
A. Quantum master equation
To describe the damping effects in this system, we will derive the quantum master equation by employing the standard Born-Markov approximation under the condition of weak system-bath couplings and short bath correlation times [17] . In particular, we will derive the quantum master equation in the eigenstate representation of the JC Hamiltonian. When the TLS and the bosonic mode are coupled to two individual heat baths, the coupling between the JC system with their baths is described by Hamiltonian (8) . Below, we will derive the quantum master equation in the interaction picture with respect to the free Hamiltonian H 0 = H JC + H IHB B . Within the Born-Markov framework, the equation for the reduced density matrix of the system in the interaction picture can be written as [17] d dtρ
whereρ s (t) is the reduced density matrix of the JC system in the interaction picture. The system-bath interaction Hamiltonian in the interaction picture is defined by H I (t) = e iH0t/ H IHB I e −iH0t/ . By substituting the Hamiltonians H I (t) and H I (t−s) into Eq. (12) and making the secular approximation, we can obtain the quantum master equation in the interaction picture as
where the dissipator L IHB [ρ(t)] is given by
with the Lindblad superoperator D[O]ρ(t) defined by
In Eq. (14), the decay rates related to the dissipation channels of the TLS and the bosonic mode are defined by
where σ (ω q ) and a (ω k ) are, respectively, the spectral density functions of the heat baths in contact with the TLS and the bosonic mode, and ω n,αn+1,βn = ε n+1,αn+1 − ε n,βn represent the energy separation between the two eigenstates |ε n+1,αn+1 and |ε n,βn of the JC Hamiltonian. In our simulations, we assume that the decay rates γ σ (ω n,αn+1,βn ) = γ σ and γ a (ω n,αn+1,βn ) = γ a , which means that the decay rates associated with all the transitions induced by the same subsystem are identical. The transition coefficients in Eq. (14) induced by the system-environment coupling terms can be calculated as
The average thermal excitation numbers in Eq. (14) are defined byn
where k B is the Boltzmann constant, ω denotes the energy separation associated with the two eigenstates involved, and T σ and T a are the temperatures of the heat baths of the TLS and the bosonic mode, respectively. According to the transformation ρ s (t) = e −iHJCt/ ρ s (t)e iHJCt/ and quantum master equation (13) in the interaction picture, the quantum master equation in the Schrödinger picture can be obtained as
where ρ s (t) is the reduced density matrix of the JC system in the Schrödinger picture, and the dissipator L IHB [ρ(t)] has the same form as Eq. (14) under the replacement ofρ(t) → ρ(t).
In this system, the system-environment couplings will induce transitions between the eigenstates of the JC model. The transition selection rule between these eigenstates can be found by calculating the transition matrix elements of the operators σ x and (a + a † ) in the eigenstate representation. As an example, below we analyze the transition matrix elements in the resonant case δ = 0. Based on Eq. (3), we obtain these matrix elements between the zero-excitation state and the two oneexcitation eigenstates as
Similarly, the transition matrix elements between the eigenstates in the n-and (n + 1)-excitation (n > 0) subspaces can be obtained as
Here we can see that the transitions induced by the system-environment couplings can only take place between the eigenstates in the neighboring excitationnumber subspaces, this is because the operators σ x and (a+a † ) in the system-environment coupling terms lead to the change of one excitation in the transition processes.
In addition, the two states in the n-excitation subspace will be coupled to all the states in both the (n − 1)-and (n + 1)-excitation subspaces.
B. Quantum thermalization in the eigenstate representation
We now turn to the study of quantum thermalization of the JC system based on the steady-state solution of quantum master equation (19) . It is well known that the quantum thermalization [17] is an irreversibly dynamic process via which a quantum system approaches a thermal equilibrium with the same temperature as that of the bath surrounding it. The JC system in a thermal equilibrium at temperature T is described by the density matrix of the thermal state
which depends on the Hamiltonian H JC and the bath temperature
is the partition function of the thermalized JC system. During the process of a quantum thermalization, all the initial-state information of the thermalized system is totally erased by its environment. In the present system, when the coupling strength between the TLS and the bosonic mode is stronger than the system-bath couplings, the physical system should be regarded as an effective multiple-level system (i.e., the JC system in the eigenstate representation) coupled to two IHBs. The dynamical evolution of the JC system to approach its steady state can be understood as a non-equilibrium quantum thermalization: thermalization of a multi-level quantum system coupled to two IHBs at the the same or different temperatures [44] [45] [46] [47] . In the steady state, the JC model is in a completely mixed state in the eigenstate representation. So we can introduce some effective temperatures to characterize the relation between any two eigenstates according to their steady-state populations. If all these temperatures defined based on these energy levels are the same, then we regard as the thermalization of the JC system. In this case, the density matrix of the system can be described by the thermal state ρ th (T ).
To facilitate the marking of the eigenstates, we mark these eigenstates of the JC model as |E n starting from the lowest energy level, namely |ε 0,0 → |E 1 ,
We also denote the energy separation between the two eigenstates |E m and |E n as ω mn = E m − E n , and the populations of the states |E m and |E n as p m and p n . Then, it is natural to define the frequency-dependent effective temperature as
Based on these effective temperatures, we can characterize the thermalization of the JC system. By numerically solving quantum master equation (19), we get the steady- state density operator ρ ss of the system, then the population p n = Tr[|E n E n |ρ ss ] of the eigenstate |E n and the effective temperatures T eff (ω mn ) can be calculated accordingly.
In Fig. 2 , we plot the effective temperatures T eff (ω mn ) defined in Eq. (23) as functions of the energy-level indexes m and n when the bath temperatures T σ and T a take various values. Figures 2(a) and 2(b-d) correspond to the cases of T σ = T a and T σ = T a , respectively. We find that the JC system can be thermalized when the two heat baths have the same temperatures T σ = T a , as shown in Fig. 2(a) . In this case, the temperature of the thermalized JC system is the same as those of the two baths, and the density matrix of the JC system can be written as the thermal state in Eq. (22) . In particular, the thermalization of the system is independent of the nonzero values of the decay rates. When
, the system cannot be thermalized because these temperatures associated with these energylevel pairs have different values, and hence the steady state cannot be expressed as the thermal equilibrium density matrix in Eq. (22) . In order to understand the thermalization in the JC system, we plot the stead-state populations p n of the JC eigenstate |E n in Fig. 2(e) .
When k B T a / ω 0 = k B T σ / ω 0 = 2, namely, the temperatures of the two IHBs are the same, we find that the steady-state populations p n are the same as those of the thermal state (the first group bars numbered from the left) with the same temperature as the two IHBs. This is a signature of thermalization. However, when the temperatures of the two IHBs are different from each other, for example k B T a / ω 0 = 1.5 and k B T σ / ω 0 = 2.5, the steady-state populations p n always differ from those for the thermal state. We emphasize that the configuration of the systembath couplings is very important for the thermalization. We have shown that, when the temperatures of the two baths are different, the JC system in the eigenstate representation cannot be thermalized. The results will be changed when one of the system-bath couplings is turned off. To address this point, in Fig. 3 Fig. 3(a) ] and the bath of the bosonic field is at zero temperature [ Fig. 3(b) ], respectively. We find that when only one IHB is coupled to the system, the system can be thermalized. However, when the two IHBs are both coupled to the system at different temperatures, the system cannot be thermalized though one of the two IHBs is at zero temperature. This observation also works in the case where the bath of the TLS is decoupled from the system or at zero temperature [see Figs. 3(c) and 3(d)]. The JC system can be thermalized in the one IHB case and cannot be thermalized in the nonequilibrium (two different temperatures) two-IHB case. We note that quantum thermalization of the JC model in the single-cavity-bath case has been studied in Ref. [23] . In Figs. 3(e) and 3(f), we plot the stead-state populations p n of the eigenstates |E n corresponding to the cases in Figs. 3(a)-3(d). We can see that when the bath of the TLS (bosonic mode) is decoupled, the stead-state populations of the system are the same as those of the thermal state at the same temperature as the coupled bath. While the stead-state populations differ from the thermal-state populations when the temperatures of the two baths are different. It indicates that the JC system can be thermalized when only one bath is coupled while it cannot be thermalized when the coupled two IHBs are at different temperatures, even when one of the two baths is at zero temperature.
Based on the above analyses, the results of thermalization phenomenon of the JC system in the IHB case can be summarized in Table I . Here we can see that the JC system can be thermalized in three cases: The two baths have the same temperatures or only one of the two subsystems is coupled to a heat bath.
IV. QUANTUM THERMALIZATION IN THE CHB CASE
In this section, we study quantum thermalization of the JC model in the CHB case, in which the TLS and the bosonic mode are immersed in a common heat bath. In the CHB case, the evolution of the JC system is governed by the following quantum master equation
where the dissipator L CHB [ρ(t)] is given by
= ∞ n=0 αn,βn l=σ,a,X 1 2 γ l (ω n,αn+1,βn )|χ l,αn+1,βn | 2 ×[n l (ω n,αn+1,βn ) + 1]D[|ε n,βn ε n+1,αn+1 |]ρ(t) + ∞ n=0 αn,βn l=σ,a,X 
γ a (ω n,αn+1,βn ) =2π c (ω n,αn+1,βn )η 2 (ω n,αn+1,βn ),
γ X (ω n,αn+1,βn ) = γ σ (ω n,αn+1,βn )γ a (ω n,αn+1,βn ), (26c) which correspond to the dissipations through the TLS, the bosonic mode, and the cross effect between the two subsystems, respectively. Note that the variable c is the density of state of the common heat bath. The parametersn σ (ω n,αn+1,βn ) =n a (ω n,αn+1,βn ) = n X (ω n,αn+1,βn ) = [exp( ω n,αn+1,βn /k B T ) − 1] −1 are the average thermal excitation numbers at the bath temperature T . The transition coefficients χ σ,n,αn+1,βn and χ a,n,αn+1,βn have been defined in Eq. (17), and the cross transition coefficient is defined by χ X,n,αn+1,βn = 2χ σ,n,αn+1 χ a,n,αn+1 .
Based on quantum master equation (24), we analyze the temperatures associated with these eigenstates, and find that these temperatures are the same as that of the CHB, which means that the JC model can approach a thermal equilibrium with the CHB, namely the JC model in the eigenstate representation can be thermalized in the CHB case.
V. VANISHING THERMAL ENTANGLEMENT IN THE THERMALIZED JC MODEL
In the above two sections, we have shown that the JC system can be thermalized in the CHB case and three special IHB cases. When the JC system is thermalized at the temperature T , its density matrix can be written as ρ th (T ) = Z −1 JC exp(−βH JC ) with β = 1/(k B T ). Intuitively, the thermal entanglement should exist in the thermalized JC system. As shown in Eq. (3), the excited eigenstates |ε n± (n ≥ 1) of the JC model are entangled states, due to the interaction between the TLS and the bosonic mode. In the finite-temperature cases, these eigenstates |ε n± (n ≥ 1) will be occupied. Then the TLS and the bosonic mode will be entangled with each other in the thermalized states. Below we study the steadystate quantum entanglement between the TLS and the bosonic field by calculating the logarithmic negativity under various system parameters. We find and show that the thermal entanglement is negligible small in the JC parameter regime. For the JC system in the density matrix ρ, the logarithmic negativity can be calculated by
where"T σ " denotes the partial transpose with respect to the TLS, and the trace norm ρ Tσ 1 is defined as
Below we calculate the quantum entanglement of the thermalized JC system, which is in the thermal state ρ th (T ) = Z −1 JC exp(−βH JC ), where the partition function can be calculated as
In this case, the quantum entanglement between the TLS and the bosonic field can be analytically calculated based on Eqs. (28) and (29) . When the JC system is in the thermal state ρ th (T ), the corresponding probabilities of these eigenstates |E 1 = |ε 0,0 , |E 2n = |ε n− , and |E 2n+1 = |ε n+ are given by
where E 1 = − ω 0 /2, E 2n = ω c (n − 1/2) − Ω n /2, and E 2n+1 = ω c (n−1/2)+ Ω n /2 for n ≥ 1. To calculate the logarithmic negativity of the thermal state, we express the density matrix of the thermal state using the bare states as
where we introduce the variables A 0 = p 1 and A n = sin 2 (θ n /2)p 2n+1 + cos 2 (θ n /2)p 2n , (33a) B n = sin(θ n /2) cos(θ n /2)(p 2n+1 − p 2n ),
C n = cos 2 (θ n /2)p 2n+1 + sin 2 (θ n /2)p 2n ,
for n = 1, 2, 3, · · · . Based on Eq. (32), we can obtain the following relation
If we express the operator M with these basis states ordered by {|e, 0 , |g, 0 , |e, 1 , |g, 1 , |e, 2 , · · · , |g, n , |e, n + 1 , · · · }, then the operator M can be decomposed into a direct sum of a one-dimensional matrix C 2 1 and an infinite number of 2 × 2 matrices as follows,
Here, the (n+1)th (n ≥ 0) 2×2 matrix is associated with the subspace defined with the basis states {|g, n , |e, n + 1 } and it can be written as
.
(36) The trace norm ρ T σ th 1 can then be obtained by calculating the eigenvalues of the matrix M [n+1] in Eq. (36) . For below convenience, we denote λ n+1,1 and λ n+1,2 as the eigenvalues of the matrix M [n+1] . Then the trace norm can be obtained as
which indicates that the expression of ρ T σ th 1 can be obtained analytically by calculating the eigenvalues of the matrices M [n+1] . Based on Eqs. (28) and (37), the logarithmic negativity of the thermal state (22) can be calculated.
In Fig. 4 , we plot the logarithmic negativity describing the thermal entanglement of the JC model as a function of g r = gβ in the resonant case δ = 0 when s = ω 0 /g takes various values: s = 1.2, 1.4, 2, and 11. Here we should point out that for the JC model, a valid parameter condition should be s > 10 such that the RWA can be justified. It can be seen from Fig. 4 that for a given s, there is an optimal value range of g r corresponding to a large thermal entanglement. On one hand, the JC system will be in its ground state in the zero-temperature case and hence these is no quantum entanglement in this case. On the other hand, in the high-temperature limit, the thermal noise will destroy quantum effect and then the quantum entanglement will disappear in this case. For a given value g r , we find that the logarithmic negativity is larger for a smaller value of s. This is because quantum entanglement will increase with the coupling between the TLS and the bosonic mode. When the coupled system enters the JC parameter regime (s > 10), the entanglement disappears gradually, which means the vanishing thermal entanglement in the JC model. To show the phenomenon of vanishing thermal entanglement in the JC system, in the following we present an analytical verification of this result. Mathematically, we find that, when A n C n+2 −B 2 n+1 ≥ 0, we have the relation
Moreover, when A n C n+2 − B 2 n+1 < 0, we have
In principle, we can obtain the logarithmic negativity based on Eqs. (28) and (37) . Below, we consider the resonant JC Hamiltonian case for simplicity. In the resonance case δ = 0, we introduce the following function to characterize the sign of the conditional variable A n C n+2 − B 2 n+1 ,
where we introduce the relative coupling strength g r = gβ = g/k B T . Obviously, F n (g r ) is a function of n and g r . Below, we discuss the behavior of the function F n (g r ) when n and g r take different values. In Fig. 5(a) , we plot F n (g r ) as a function of g r when n takes various values. It can be seen that the curves move left with the increase of n and F n (g r ) decreases monotonically as g r increases, and that different n correspond to different values of g r satisfying F n (g r ) = 0. For a given n, we obtain a critical value of g n rc , which is located at the cross point between the curve F n (g r ) and the curve F n (g n rc ) = 0. In particular, for n = 0 we have the critical value g 0 rc ≈ 1.42. For a lager n, a smaller value of g n rc can be obtained because the curves move left with the increase of n. The values of these critical points are very important because these values determine that which of the relations given in Eqs. (38) and (39) should be used to calculate the value of λ n+1,1 + λ n+1,2 .
Below, we first analyze two special cases of the coupling strength g r .
(i) The decoupling case: g = 0. In this case, the inequality A n C n+2 − B 2 n+1 ≥ 0 holds for all n (n = 0, 1, 2, · · · ), then we can calculate the trace norm with Eq. (38) as
and then the logarithmic negativity N (ρ th ) = log 2 ρ T σ th 1 = 0,
which is a straightforward result: there is no thermal entanglement in the decoupling case.
(ii) The case of g r ≥ 1.42. In this case, F n (g r ) < 0 for all n. Then we can calculate the trace norm with Eq. (39) as
The above expression can be simplified by analyzing the probability distributions p n of these eigenstates of the JC model. By denoting s = ω 0 /g, then the probability of the ground state can be written as p 1 = [1 + ∞ n=1 e −grsn (e gr √ n + e −gr √ n )] −1 , which satisfies the relation [1 + 1/(e gr(s−1) − 1) + 1/(e grs − 1)] −1 < p 1 < [1 + 2/(e grs − 1)] −1 . In the JC model, the counterrotating terms are discarded by making the RWA, which works in the weak-coupling and near-resonance regimes. The parameter condition for the RWA is usually considered as s > 10 in the resonant case. When g/ω 0 > 0.1, the parameter regime is referred as the ultrastrong-coupling regime, in which the RWA is no longer justified. Therefore, we take s > 10 in the following estimations. For example, when we take s = 11, we find that p 1 ≈ 1 and p n>1 ≈ 0 for g r > 1.42 [ Fig. 5(b) ], then we have ρ T σ th 1 ≈ 1 according to Eq. (43). This result is understandable by analyzing the relation between the thermal excitation energy the transition energy between the ground state and the first excited eigenstate. When s > 10 and g r > 1.42, we have ω 0 > 14.2k B T . Then E 2 − E 1 = ω 0 − g = g r (s − 1)k B T > 12.78k B T , which means that the transition probability excited by the thermal noise is negligible. The JC system will stay in its ground state |g, 0 and hence there is no thermal entanglement.
We now consider a general case, namely the coupling strength 0 < g r < 1.42. In this case, there always exists an n 0 such that F n0 (g r ) ≥ 0 and F n0+1 (g r ) < 0. Note that the contributions corresponding to the terms n > n 0 and n ≤ n 0 should be calculated with the formula (38) and (39) , respectively. Then according to Eqs. (37) , (38) , and (39), we have
In a realistic calculation, we need to truncate the Hilbert space of the JC system up to an excitation number, denoting as n max . The value of n max is determined by setting a threshold value of the population p nmax for the truncation. In our simulation, we choose p nmax = 10 −20 . This means that we treat p n>nmax ≈ 0 in the calculation of the logarithmic negativity. In addition, for a given g r , the value of n 0 can be determined according to the relations F n0 (g r ) ≥ 0 and F n0+1 (g r ) < 0. Here, the value of n 0 determines the number of these 2 × 2 matrices which should be taken into account in M . For the given n 0 , the associated M [n0+1] matrix involves the basis states |g, n 0 and |e, n 0 + 1 . Here |e, n 0 + 1 is a basis state in the subspace with the excitation number n 0 + 2. For the JC model, we can determine the values of the two parameters n max and n 0 , as shown in Table II . Here, we can see that n 0 + 2 ≥ n max , which is also satisfied s > 11. Therefore, all the conditions F n≤(nmax−2) (g r ) ≥ 0 are satisfied, and the value of the trace norm ca be calculated within the truncated subspace as
As the probabilities around the truncation dimension parameter n max is negligible, we can obtain approximately the trace norm as ρ T σ th 1 2nmax+1 n=1 p n = Tr(ρ th ) = 1, and then the logarithmic negativity can be obtained as N ≈ 0.
VI. COMPARISON OF THE JC DYNAMICS GOVERNED BY THE DRESSED-STATE AND PHENOMENOLOGICAL MASTER EQUATIONS
In previous studies, the statistical properties of the open JC model have been studied with the phenomenological master equation, which is obtained by adding the typical Lindblad dissipators for a TLS and a single-mode bosonic field to the Liouville equation of the closed JC model. However, this treatment should be changed because the dissipator should be derived in the dressedstate representation when the coupling strength between the TLS and the bosonic mode is much stronger than the individual decay rates. In previous literatures, the open JC model is described by the phenomenological master equation Here, the frequencies ω s inn s=σ,a are the resonance frequencies of the TLS and the cavity field. However, the frequencies of the dressed-states master equation represent the transition frequencies between these eigenstates of the JC model.
To study the influence of different forms of the master equations on the dynamics of the open JC system, we calculate the dynamics of the system by solving the master equations (19) and (25) corresponding to the IHB and CHB cases, and the phenomenological master equation (46) . We first consider the Rabi oscillation case, i.e., the initial state of the system is |e, 0 . In Fig. 6 , we plot the dynamics of the population inversion σ z of the TLS and the average photon number a † a in the cavity. First, when the dissipations is absence, we can observe perfect Rabi oscillations (the solid gray curves) in the average photon number and the population inversion of the TLS, namely a continuous exchange of energy between the atom and the cavity field, as shown in Figs. 6(a) and 6(b). In this case, the system experiences state exchange between |e, 0 and |g, 1 . In Fig. 6 , we also show the evolution of the average photon number and the population inversion when the two baths are at the same temperatures. When the bath temperature is zero, the JC system will be evolved into its ground state |g, 0 (i.e., a † a → 0 and σ z → −1) in the long-time limit for these three master equations. Here, we can see that the results for the IHB and phenomenological cases are very similar to each other, and the results for the CHB case is different in the transient state. When the baths are at finite temperatures, the JC system will be thermalized to a thermal state, and hence the average phonon number and the population inversion deviate their values corresponding to the ground state, as shown in Figs. 6(c)-6(f). With the increase of bath temperature, the oscillation amplitude of the average photon number and the population inversion decreases gradually. With the evolution of the system, the average photon number and the population inversion will reach steady state values. We also study the dynamics of the JC system with these three master equations when the initial state of the system is |e, α . In Fig. 7 , the dynamics of the average photon number and the population inversion are shown in the closed-system case and the open-system case with different bath temperatures. As is well known, when the JC system is initially in the state |e, α , the population inversion of the TLS will exhibit a perfect collapse and revival phenomenon, as shown in Fig. 7(a) . In Figs. 7(b) and 7(e), we find that the difference exist in the average photon number and the population inversion for these three master equations, and that the dynamics will approach to steady-state values which are determined by the bath temperatures. 
VII. CONCLUSION
In conclusion, we have studied quantum thermalization of the JC system which is coupled with either two IHBs or a CHB. We have derived two quantum master equations in the eigenstate representation of the JC model corresponding to the IHB and CHB cases. By treating the JC model as an effective multi-level system, we have analyzed the populations of these dressed states in the steady state and calculated the temperatures associated with these levels. In the IHB case, we have found that, when the two IHBs have the same temperature, the JC system can be thermalized in the eigenstate representation with the same temperature as those of the heat baths. However, in the case where the two heat baths have different temperatures, the JC system cannot be thermalized. When one of the two IHBs is decoupled from the JC system, then the JC system can be thermalized with the contacted bath. In the CHB case, the system in eigenstate representation can always be thermalized. In addition, we have studied the thermal entanglement between the TLS and the bosonic field in the thermalized JC system. The results indicates that the thermal entanglement is negligible small. We present an analytical verification of this vanishing thermal entanglement. We also compare the dynamics of the JC system when it is governed by the dressed-state master equations in the IHB and CHB cases and the phenomenological quantum master equation. This work will help us to understand the relation between the thermal entanglement in composite quantum systems, the coupling strength, and the bath temperatures. It will also provide a route for checking the justification of the phenomenological quantum master equation used in previous studies. Appendix: Derivation of Eqs. (38) and (39) In this Appendix, we present a detailed derivation of Eqs. (38) and (39) . We consider the matrix M [n+1] given by Eq. (36) and denote λ n+1 as its eigenvalues. The expression of the eigenvalues is determined by the secular equation
which can be simplified to
According to Vieta's formula, the two roots, λ n+1,1 and λ 
